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Abstract
We show that a morphism of locales (or toposes) is open if and only if all its pullbacks are skeletal
in the sense of [P.T. Johnstone, Factorization theorems for geometric morphisms, II, in: Categorical
Aspects of Topology and Analysis, in: Lecture Notes in Math., vol. 915, Springer-Verlag, 1982,
pp. 216–233], i.e. pulling back along them preserves denseness of sublocales (or subtoposes). This
result may be viewed as the ‘dual’ of the well-known characterization of proper maps as those which
are stably closed. We also investigate the circumstances in which a particular sublocale, or set of
sublocales, of a given locale, may be ‘declared closed’.
© 2005 Elsevier B.V. All rights reserved.
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0. Introduction
The main purpose of this paper is to answer a question recently posed by W. Tholen
(cf. [4]): is it possible to characterize the open maps in the category of locales as those
morphisms f such that pullback along f preserves closures of sublocales? In the classical
category of topological spaces, the result is easily seen to be true, but the proof relies
on the fact that every subspace of a space X has a complement (i.e. the lattice Sub(X)
of subspaces of X is a Boolean algebra). In the category of locales, the corresponding
assertion is well known to be false; however, as was emphasized 30 years ago by Isbell [5],
a locale has ‘enough complemented sublocales’ to compensate for this deficiency in many
particular cases: one simply has to ‘make the sublocales which are complemented do more
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of the work’ in proving the desired results. Similarly, although another well-known failing
of the category of locales, as compared with that of spaces, is that its epimorphisms are
not stable under pullback, there are enough epimorphisms stable under enough pullbacks
to compensate for this deficiency in many cases. This paper provides instances of both
phenomena: indeed, its secondary purpose is to serve as a primer on how these two failings
of the category of locales may be circumvented.
A construction which is frequently of use in topology is to re-topologize a given space
by declaring one additional set to be closed (see [5], 2.3(3), for example). Since closed
sublocales are complemented, it would be useful to be able to perform the corresponding
construction for locales; in particular, if it were possible, it would yield a simpler proof
of our main theorem on open maps than the one which we give in Theorem 4.7 below.
However, it is not possible in general, despite what has been claimed elsewhere [13]; we
shall investigate the circumstances in which the construction is possible in Section 2 of
this paper.
Reverting to our main theme, we shall show that the answer to Tholen’s original
question is negative: there are locale maps f such that pullback along f preserves closures
of sublocales, but which are not open. However, if we stabilize the condition under pullback
(that is, if we demand that all pullbacks of f should satisfy it), then we do get a condition
equivalent to openness. The main theorem of the paper may thus be seen as the ‘dual’ of
the well-known characterization of proper maps as those which are stably closed (which
was proved for locales by Vermeulen [15]); for, given a locale map f : Y → X , the
‘direct image’ mapping f! : Sub(Y ) → Sub(X) always preserves dense inclusions between
sublocales, and hence preserves closures iff it preserves closed sublocales; whereas the
inverse image mapping f ∗ : Sub(X) → Sub(Y ) always preserves closed sublocales, and
hence preserves closures iff all pullbacks of f along closed inclusions preserve dense
sublocales.
The class of locale maps f for which pullback along f preserves dense sublocales
has been studied before, by the present author [10] under the name skeletal maps, and by
Banaschewski and Pultr [2,3] under the name weakly open maps. In this paper, we shall
use the former name (which derives from a long tradition in classical point-set topology,
see [12]); since stability under arbitrary pullback clearly includes stability under pullback
along closed inclusions, our main result may thus be expressed by saying that a map of
locales is stably skeletal iff it is open. As a by-product, we obtain the answer to a question
which was left open in [8], concerning the sub-open maps introduced in that paper: if we
stabilize the notion of sub-openness under arbitrary pullback, we again obtain a condition
equivalent to openness.
Incidentally, we should mention that both [8] and [10] were concerned with geometric
morphisms of toposes rather than continuous maps of locales, and the methods used in both
papers were primarily topos-theoretic. In this paper, we shall use entirely locale-theoretic
techniques; however, since our arguments make no use of the law of excluded middle or
of choice principles, they are interpretable in an arbitrary topos, and therefore yield the
corresponding results for morphisms of toposes. (The keys to extending the results from
locales to toposes are the twin facts that hyperconnected maps of toposes are always open,
and the hyperconnected–localic factorization is stable under arbitrary pullback; we shall
make some more detailed comments about this extension in 4.9 below.)
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The results in this paper were first presented at the Second Workshop on Formal
Topology in Venice on 4 April 2002, and it is a pleasure to acknowledge my gratitude to the
organizers of the Workshop for inviting me to speak at it, and for providing such a relaxed
and pleasant occasion for the interchange of ideas between locale theorists and ‘formal
topologists’. Although this paper does not contain any contribution to formal topology,
in that I freely make use of impredicative methods, I hope that it will not seem out of
place in the Proceedings of the Workshop, since it is clear that locale theory (particularly
constructive locale theory, as carried out in the internal logic of a topos) and formal
topology have much to learn from each other.
1. Notation and terminology
Our notation and terminology for locales will be that of [11]; we briefly review it here.
We distinguish, in both notation and terminology, between frames which are complete
lattices A satisfying the infinite distributive law a ∧ ∨ S = ∨{a ∧ s | s ∈ S}, and
locales which are extensionally the same thing, but whose morphisms go in the opposite
direction. We denote the category of locales by Loc. We use letters such as X, Y, Z to
denote locales; given a locale X , we write O(X) for the frame which is extensionally
the same thing. We write Sub(X) for the lattice of all sublocales of X (that is, regular
subobjects of X in Loc, or quotients of the frame O(X)). Given a morphism f : Y → X
in Loc, we write f ∗ : O(X) → O(Y ) for the corresponding frame homomorphism, and f∗
for the right adjoint of f ∗. We identify elements of O(X) with open sublocales of X (in
particular, we denote the top element ofO(X) by X , and its bottom element by ∅), and we
also write f ∗ : Sub(X) → Sub(Y ) for the effect of pulling back sublocales along f ; since
pullbacks of open sublocales are open, this does not lead to any ambiguity. As a mapping
Sub(X) → Sub(Y ), f ∗ has a left adjoint f!, which sends a sublocale Y ′  Y to the image
of the composite Y ′  Y → X . Incidentally, when we use the term ‘image factorization’
in relation to Loc, we always mean the (unique) factorization of a locale map into an
epimorphism followed by a regular monomorphism; we refer to epimorphisms and regular
monomorphisms in Loc as surjections and inclusions respectively. All open sublocales of
X have complements in the lattice Sub(X), which are of course called closed sublocales;
we denote the closed complement of an open sublocale U by U .
A locale map f : Y → X is said to be open if, for every open V  Y , the image of the
composite V  Y → X is an open sublocale of X . Clearly, this is equivalent to saying
that f! : Sub(Y ) → Sub(X) restricts to a mapping O(Y ) → O(X); it is well known that
it is also equivalent to saying that f ∗ : O(X) → O(Y ) has a left adjoint f! for which the
‘Frobenius reciprocity’ condition f!( f ∗(U)∩V ) = U ∩ f!(V ) holds for all U ∈ O(X) and
V ∈ O(Y ), or again to saying that f ∗ is a morphism of complete Heyting algebras (i.e.,
preserves arbitrary meets and the Heyting implication).
Every sublocale X ′  X has a closure X ′  X , which may be defined as U where
U is the largest open sublocale disjoint from X ′ (i.e. the union of all such sublocales). Of
course, we say a sublocale is dense if its closure is the whole of X ; for an arbitrary X ′,
the closure X ′ may be characterized as the unique X ′′ such that X ′  X ′′ is dense and
X ′′  X is closed. Every locale X has a smallest dense sublocale Xb, defined by setting
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O(Xb) to be the Boolean algebra O(X)¬¬ of ‘regular’ elements of O(X); we sometimes
refer to Xb as the Boolean part of X .
Sublocales of X correspond to nuclei (that is, monads preserving finite intersections)
on the frame O(X); but the correspondence is order-reversing. We write o(U) and c(U)
respectively for the open and closed nuclei corresponding to an element U ∈ O(X) (i.e.
the nuclei corresponding to the sublocales U and U ). With the pointwise ordering, the set
of all nuclei onO(X) forms a frame NO(X), sometimes called the assembly of O(X); the
corresponding locale is denoted Xd , and called the dissolution of X . The mapping which
sends U ∈ O(X) to the closed nucleus c(U) is a frame homomorphism, and so defines
a locale map Xd → X . Although NO(X) is not a Boolean algebra, it is generated by
complemented elements (i.e. Xd is zero-dimensional as a locale), since o(U) and c(U) are
complementary to each other, and every nucleus j satisfies j = ∨{o(U) ∧ c( jU) | U ∈
O(X)}. Using this fact, one may easily prove that Xd → X is monic as well as epic in
Loc; also, it is a pullback-stable surjection, since for any f : Y → X we have a pullback
square
Y (X)d  Xd
Y
 f  X

where Y (X)d , the X-fibrewise dissolution of Y , corresponds to the subframe NO(X)O(Y ) of
NO(Y ) generated by all nuclei of the form c(V ) (V ∈ O(Y )) or o( f ∗U) (U ∈ O(X)).
For more details, see [6]. In the particular case when f is an inclusion, we may identify
Y (X)d with Yd , since every open sublocale of Y has the form f ∗U for some U ∈ O(X).
Moreover, Yd is then a closed sublocale of Xd ; we may identify NO(Y ) with the principal
filter in NO(X) generated by the particular nucleus corresponding to Y  X .
As we remarked in the Introduction, the class of surjections is not stable under pullback
in Loc. However, there are a number of cases (besides that of the canonical map Xd → X ,
just noted) where surjections remain surjective under pullback; we shall require a couple
of elementary results on this topic, which we give here for future reference.
Lemma 1.1. Arbitrary surjections are stable under pullback along complemented
inclusions in Loc.
Proof. Let f : Y → X be a surjection, and let X ′  X be a sublocale of X with
complement X ′′  X . Since finite unions and intersections of sublocales are stable under
pullback, the sublocales Y ′ = f ∗(X ′) and Y ′′ = f ∗(X ′′) are complementary in Sub(Y ); in
particular Y ′ ∪ Y ′′ = Y , so since f! preserves unions we have f!(Y ′) ∪ f!(Y ′′) = X . But
f!(Y ′) ≤ X ′ and f!(Y ′′) ≤ X ′′; since X ′ ∩ X ′′ = ∅, these conditions force f!(Y ′) = X ′, i.e.
the pullback of f is a surjection Y ′ → X ′. 
Lemma 1.2. For a locale map f : Y → X, the following are equivalent:
(i) The pullback of f along every inclusion X ′  X is surjective.
(ii) The pullback of f along Xd → X is surjective.
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Proof. (i) ⇒ (ii): The frame homomorphism corresponding to the pullback of f along
Xd → X is the mapping NO(X) → NO(X)O(Y ) which sends a nucleus j on O(X)
(corresponding to a sublocale X ′  X , say) to the X-fibrewise closed nucleus which
corresponds to the pullback of X ′  X along f . But condition (i) says that we can recover
X ′ from this pullback (Y ′  Y , say), since it is the image of the composite Y ′  Y → X .
Hence NO(X) → NO(X)O(Y ) is injective, i.e. the pullback of f along Xd → X is
surjective.
(ii)⇒(i): Given an arbitrary sublocale X ′  X , we have a pullback square





whose top edge is a closed inclusion. Since closed inclusions are complemented,
Lemma 1.1 and condition (ii) imply that the pullback of f along the composite X ′d →
X ′  X is surjective. But the first factor of this composite is a (pullback-stable) surjection,
as we noted before 1.1; so this implies that the pullback of f along X ′  X must be
surjective. 
2. Closing a set of sublocales
The remarks before 1.1 imply that, for any locale X , we have a bijection between
arbitrary sublocales of X and closed sublocales of Xd , induced by sending a sublocale
of X to its pullback along Xd → X . (This explains the term ‘dissolution’: one dissolves
a locale by declaring all its sublocales to be closed.) In the same way, if Y → X is a
locale over X , the X-fibrewise dissolution of Y is obtained by declaring all its X-fibrewise
closed sublocales to be closed. It would naturally be of interest to know when one can
similarly declare the members of a set Σ of sublocales of X to be closed: that is, when
one can construct a locale X[Σ ] and a locale map X[Σ ] → X such that every member of
Σ pulls back to a closed sublocale of X[Σ ], and X[Σ ] → X is universal among locale
maps with this property. In particular, it would be useful to be able do this in the case when
Σ is a singleton {X ′}; this would correspond to the well-known construction in point-set
topology whereby one re-topologizes a set with a previously given topology by declaring
one additional subset to be open.
In ([13], I 6.5), Moerdijk and Vermeulen claim that the problem may be solved for anyΣ
by taking O(X[Σ ]) to be the subframe of NO(X) generated by the closed nuclei together
with (the nuclei corresponding to) the members of Σ . (In fact they make the assertion for
toposes rather than locales, but the difference is immaterial.) Unfortunately, this is not true
in general, even when Σ is a singleton.
We note that if X[Σ ] exists with the required universal property, then X[Σ ] → X
must be a pullback-stable surjection, since the pullback-stable surjection Xd → X factors
through it. Also, the universal property implies that X[Σ ] → X must be a monomorphism
in Loc, since an arbitrary morphism Y → X can have at most one factorization through it.
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We further note:
Lemma 2.1. If X[Σ ] exists, then O(X[Σ ]) is (isomorphic to) a subframe of NO(X)
containing all closed nuclei on O(X) and the nuclei corresponding to the members of Σ .
Proof. We have a diagram









of which the outer square commutes by the naturality of the mapping Xd → X , and the
lower triangle commutes by the universal property of X[Σ ]. Since, as we just observed,
X[Σ ] → X is monic, this implies that the upper triangle commutes; but X[Σ ]d → X[Σ ]
is surjective, and hence so is Xd → X[Σ ], i.e. the corresponding frame map O(X[Σ ]) →
NO(X) is injective. Moreover, since X[Σ ] has closed sublocales pulling back to the closed
sublocales of Xd which correspond to the nuclei on O(X) mentioned in the statement, the
image of the frame map must contain these nuclei. 
Given this result, it is natural to conjecture that O(X[Σ ]), if it exists, should be the
subframe of NO(X) generated by the nuclei mentioned in the statement of 2.1. However,
it does not seem possible to prove this directly from the definition. Therefore, we now
adopt a different notation: we shall write X〈Σ 〉 for the locale defined by setting O(X〈Σ 〉)
to be the subframe of NO(X) generated by the nuclei in the statement of 2.1. Clearly,
we have surjective locale maps Xd → X〈Σ 〉 → X , corresponding to the frame map
c : O(X) → O(X〈Σ 〉) and the inclusion O(X〈Σ 〉) → NO(X).
Proposition 2.2. Suppose given a locale X and a set Σ of sublocales of X. The following
are equivalent:
(i) X〈Σ 〉 has the universal property of X[Σ ].
(ii) The canonical map X〈Σ 〉 → X is a monomorphism in Loc.
(iii) The canonical map Xd → X〈Σ 〉 is a pullback-stable surjection.
(iv) The canonical map Xd → X〈Σ 〉 satisfies the conditions of 1.2.
(v) Each sublocale in Σ pulls back to a closed sublocale of X〈Σ 〉.
(vi) Every closed sublocale of X〈Σ 〉 is the pullback of some sublocale of X.
Proof. (i)⇒(ii) follows from the universal property of X[Σ ], as noted earlier.
(ii)⇒(iii): If (ii) holds, then by the argument in the proof of 2.1 we have a factorization
of the canonical map X〈Σ 〉d → X〈Σ 〉 through Xd → X〈Σ 〉. Since the former is a
pullback-stable surjection, it follows that the latter is too.
(iii)⇒(iv) is trivial.
(iv)⇒ (v): Let Y  X be a sublocale in Σ , and let j be the corresponding nucleus on
O(X). Since j is an element of O(X〈Σ 〉), it defines a closed sublocale of X〈Σ 〉, which
we shall denote by Y˜ . It is clear that the pullback of Y˜  X〈Σ 〉 along Xd → X〈Σ 〉 is
the closed sublocale Yd  Xd , since the corresponding frame homomorphism maps j
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to itself; but the same is true for the sublocale (Ŷ  X〈Σ 〉, say) which is the pullback
of Y  X along X〈Σ 〉 → X . But (iv) tells us that pulling back sublocales along
Xd → X〈Σ 〉 is an injective operation; so Y˜ = Ŷ , and in particular Ŷ is closed.
(v)⇒(vi) is immediate from the definition of X〈Σ 〉, and from the fact that pulling back
along a fixed morphism preserves arbitrary intersections and finite unions of sublocales.
(vi)⇒(ii): Suppose f, g : Y ⇒ X〈Σ 〉 are two locale maps having equal composites with
X〈Σ 〉 → X . Then (vi) implies that f ∗(C) = g∗(C) for any closed sublocale C of X〈Σ 〉;
hence also f ∗ and g∗ agree on arbitrary open sublocales of X〈Σ 〉, i.e. they are the same
frame homomorphism.
Since we now know that (ii) and (v) are equivalent, to complete the proof it suffices
to show that the conjunction of these two conditions implies (i). Now if f : Z → X is
any locale map such that f ∗(Y ) is closed in Z for all Y ∈ Σ , then the composite frame
homomorphism
O(X〈Σ 〉) O(Xd ) = NO(X) N f
∗
 NO(Z)
factors through the subframe (isomorphic to O(Z)) of closed nuclei on Z ; that is, Zd →
Xd → X〈Σ 〉 factors through Zd → Z . Since the latter map is a surjection, the resulting
map Z → X〈Σ 〉 is also a factorization of f through X〈Σ 〉 → X ; and condition (ii) ensures
that this factorization is unique. Conversely, if f : Z → X is any locale map which factors
through X〈Σ 〉 → X , then (v) implies that f ∗(Y ) is closed in Z for every Y ∈ Σ . 
We do not have a characterization of those sets Σ for which the conditions of 2.2 hold.
However, we note the following easy result:
Corollary 2.3. If Σ is any set of open sublocales of a locale X, then the conditions of 2.2
are satisfied; in particular, the locale X[Σ ] exists.
Proof. Since open nuclei are complementary to closed ones, it is clear that the map
O(X) → O(X〈Σ 〉) is an epimorphism in Frm, i.e. condition (ii) of 2.2 is satisfied. 
Corollary 2.3 of course includes the case of the dissolution Xd itself (for which we may
take Σ to be the set of all open sublocales of X), and that of the fibrewise dissolution X (Y )d
if X comes equipped with a locale map f : X → Y (for which we take Σ = { f ∗(V ) | V ∈
O(Y )}).
In the case when Σ is a singleton {Y } (in which case we shall write X[Y ] and X〈Y 〉
for X[Σ ] and X〈Σ 〉 respectively), we do have a complete characterization of when the
conditions of 2.2 hold, thanks to the theory of singly generated frame extensions developed
by Banaschewski [1]. Following Plewe [14], we shall call a surjection f : T → X in Loc a
simple covering if it corresponds to what Banaschewski called a singly generated extension
in the dual category Frm: that is, if O(T ) is generated by the image of f ∗ together with
one other element. We note that every locale X has a largest simple covering, namely the
projection X × S → X where S is the Sierpin´ski locale (i.e. O(S) is the free frame on
one generator — so that O(X × S) is the coproduct of O(X) and the free frame on one
generator). Explicitly,O(X ×S) may be described as the order-relation onO(X), i.e. as the
subframe {(U, V ) | U ≤ V } of O(X) ×O(X); the frame embeddingO(X) → O(X × S)
sends U to (U, U), and the extra generator is (∅, X). This description is constructively
P.T. Johnstone / Annals of Pure and Applied Logic 137 (2006) 240–255 247
valid; in particular, we note that even though S constructively has more than two points
(its ‘set of points’ is the object Ω ), it is nonetheless the union of just two of its points 
and ⊥ (that is, it admits a surjection from the discrete two-point locale). In topos-theoretic
terms, this is related to the fact that the partial-map representer Ω˜ may be identified with
the order-relationΩ1, and thus with a subframe of Ω2; cf. [11], A2.4.9.
If f : T → X is an arbitrary simple covering, then O(T ) is a quotient of O(X × S);
equivalently, T is a sublocale of X × S. (Of course, it may be embeddable in X × S
in several different ways; each choice of the ‘extra’ generator for O(T ) yields a different
embedding.) By the foregoing remarks, it follows that T is the union of two complementary
sublocales T ∩ (X ×{}) and T ∩ (X ×{⊥}), which are respectively open and closed, and
that these are isomorphic to sublocales Y and Z of X with Y ∪ Z = X (the latter condition
corresponding to the fact that T → X is epimorphic).
If the sublocales Y and Z correspond to nuclei j, k respectively on O(X), then O(T )
may be identified with the frame obtained by Artin glueing along the composite
O(Y ) j∗ O(X) k O(Z)
where j∗ denotes the right adjoint of j , i.e. the inclusion O(Y ) = O(X) j ⊆ O(X). In
other words, O(T ) may be identified with the frame
{(V , W ) ∈ O(X) ×O(X) | V = j (V ), W = k(W ), W ≤ k(V )}.
(In passing, we note that O(X) itself is isomorphic to the ‘double glueing’
{(V , W ) ∈ O(X) ×O(X) | V = j (V ), W = k(W ), W ≤ k(V ), V ≤ j (W )};
the isomorphism sends U ∈ O(X) to the pair ( j (U), k(U)), and its inverse sends (V , W )
to V ∩ W . The fact that these two are inverse to each other follows easily from the fact that
j ∧ k = idO(X), i.e. that Y ∪ Z = X .) The element Y˜ = (X, k(∅)) of O(T ) corresponds to
the open sublocale Y × {}, and its closed complement is Z × {⊥}.
Clearly, if Y is a sublocale of X , then X〈Y 〉 → X is a simple covering. Moreover, we
may easily identify the pair of sublocales to which it corresponds: the following result is
due to Banaschewski ([1], 2.4).
Lemma 2.4. X〈Y 〉 may be identified with the sublocale Y ×{⊥}∪ Z ×{} of X ×S, where
Z is the supplement of Y (i.e. the smallest sublocale of X such that Y ∪ Z = X).
Proof. Let j be the nucleus onO(X) corresponding to the sublocale Y . The principal filter
↑( j) in O(X〈Y 〉) consists of all nuclei of the form j ∨ c(U), U ∈ O(X). But, for any j ,
we have j ∨ c(U) = j (U ∪ (−)) = j ∨ c( j (U)); and conversely j ∨ c(U) = j ∨ c(V )
implies j (U) = j (V ), by evaluating the nuclei at the bottom element ∅ of O(X). Hence
↑( j) ∼= O(X) j , i.e. we may identify the closed sublocale X〈Y 〉 ∩ (X × {⊥}) of X〈Y 〉
with Y .
For the complementary open sublocale, we have to consider the principal ideal ↓( j), i.e.
the set of all nuclei of the form j ∧ c(U). But this corresponds to the congruence onO(X)
generated by all pairs (U, V ) with Y ∪ U = Y ∪ V in the lattice of sublocales of X . We
may clearly restrict our attention to such pairs with U ≤ V , since a congruence identifies
the pair (U, V ) iff it identifies both (U, U ∪ V ) and (V , U ∪ V ). And since the smallest
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congruence identifying U with V (where U ≤ V ) is easily seen to correspond to the
nucleus o(U)∧c(V ), we seek the join of all nuclei o(U)∧c(V ) with o(U)∧c(V )∧ j = 0.
But, given that every nucleus is a join of nuclei of the form o(U) ∧ c(V ), this is exactly
the pseudocomplement of j in NO(X). So the corresponding sublocale is the supplement
of Y . 
Lemma 2.4 may also be stated ‘the other way round’: if T is the simple covering of X
corresponding to a pair of sublocales (Z , Y ), then O(T ) embeds as a subframe of NO(X)
iff Z is the supplement of Y . (This is how both Banaschewski and Plewe ([14], 2.5) actually
stated it.)
The following simple observation is also due to Banaschewski ([1], 3.2).
Lemma 2.5. A simple covering T → X, corresponding to a pair (Y, Z) of sublocales of
X, is a monomorphism in Loc iff Y and Z are complementary sublocales of X.
Proof. The sublocale Y ∩ Z of X admits two embeddings into T , namely as (Y ∩ Z)×{}
and as (Y ∩ Z) × {⊥}, which are coequalized by T → X and whose equalizer is
∅  (Y ∩ Z). So if T → X is monic then Y ∩ Z = ∅; but we have already observed
that we must have Y ∪ Z = X .
Conversely, suppose Y ∩ Z = ∅. Then the pullback of Y  X along T → X is
(Y × {}) ∪ ((Y ∩ Z) × {⊥}) = Y × {}, and similarly the pullback of Z  X is
Z × {⊥}. So if g, h : V ⇒ T are two locale maps having equal composites with T → X ,
then the pullbacks of Y × {} along g and h are equal, and g and h agree when restricted
to this sublocale of V (since Y → X is monic). Similarly, they agree when restricted to the
pullback of Z × {⊥}; but T is the union of these two sublocales, so V is the union of their
pullbacks, and hence g and h agree on the whole of V . 
Combining this lemma with 2.2 and 2.4, we immediately deduce:
Corollary 2.6. For a sublocale Y of X, the locale X〈Y 〉 has the universal property of X[Y ]
iff Y is complemented in Sub(X). 
As we remarked earlier, Corollary 2.6 does not quite exclude the possibility that X[Y ]
might exist for a non-complemented sublocale Y . (Indeed, we have not been able to find
any example of a sublocale Y  X for which we can actually prove that X[Y ] does not
exist.) However, we note that if j is complemented in NO(X), then so is every element
( j ∨ c(V )) ∧ c(W ) of the corresponding singly generated extension of O(X). Thus, if Y is
a non-complemented sublocale of X , we cannot hope to obtain a locale with the universal
property we seek by forming a simple covering of the form X〈Z〉 for some other sublocale
Z of X .
3. Skeletal maps and nearly open maps
The construction X → Xb is not functorial on the whole category of locales; but the
class of maps on which it is functorial was characterized in [10]. We say a locale map
f : Y → X is skeletal if ¬ f ∗(¬U) = ¬¬ f ∗(U) for all U ∈ O(X); then we have:
Lemma 3.1. For a locale map f : Y → X, the following are equivalent:
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(i) f is skeletal.
(ii) f restricts to a locale map Yb → Xb.
(iii) The pullback along f of any dense sublocale of X is a dense sublocale of Y .
(iv) The pullback along f of any dense open sublocale of X is dense in Y .
Proof. (i) ⇒ (ii): If (i) holds, then for any U ∈ O(X) we have ¬¬ f ∗(U) =
¬¬¬¬ f ∗(U) = ¬¬ f ∗(¬¬U) by two applications of the definition. But this implies that
f ∗ carries ¬¬-dense inclusions to ¬¬-dense inclusions, which is equivalent to saying that
it factors through the quotient maps O(X) → O(X)¬¬ and O(Y ) → O(Y )¬¬.
(ii)⇒ (iii) follows easily from the fact that a sublocale of X is dense iff it contains Xb;
and (iii)⇒(iv) is trivial.
(iv) ⇒ (i): If (iv) holds, then for any U ∈ O(X) we have ¬¬ f ∗(U ∪ ¬U) = Y , or
equivalently ¬ f ∗(U ∪¬U) = ¬ f ∗(U)∩¬ f ∗(¬U) = ∅. So ¬¬ f ∗(U) ≥ ¬ f ∗(¬U); but
the reverse inequality is true in general. 
In [10] we also defined a locale map f to be ‘weakly open’ if f ∗(¬U) = ¬ f ∗(U) for
all U . However, Banaschewski and Pultr [2,3] used the term ‘weakly open map’ for what
we (following a long tradition in point-set topology) have called a skeletal map, so to avoid
confusion we shall now use their term nearly open for a locale map whose corresponding
frame homomorphism commutes with negation. Evidently, nearly open maps are skeletal,
but not conversely. It was shown in [10] that an inclusion is skeletal iff it can be factored
as a dense inclusion followed by a regular closed inclusion (that is, an inclusion V  X ,
where V ∈ O(X)¬¬). It is easily verified that dense inclusions are always nearly open; but
regular closed inclusions need not be. In fact we have
Lemma 3.2. For an inclusion i : Y  X, the following are equivalent:
(i) i is nearly open.
(ii) Y is contained in the interior of its closure.
(iii) i can be factored as a dense inclusion followed by an open inclusion.
Proof. (i)⇒(ii): Suppose i is nearly open. Let U be the exterior of Y (i.e. the largest open
sublocale of X disjoint from Y ); then ¬i∗(U) = ¬∅ = Y , so we must have i∗(¬U) = Y ,
i.e. Y ≤ ¬U as sublocales of X . But ¬U is exactly the interior of the closure of Y .
(ii)⇒(iii) is obvious, since the inclusion of Y in the interior of its closure is dense.
(iii) ⇒ (i) since both dense inclusions and open inclusions are nearly open, and near
openness is clearly stable under composition. 
Corollary 3.3. If a closed inclusion is nearly open, then it is clopen. 
Thus, if X is any locale which is not extremally disconnected, and Y is any regular
closed sublocale of X which is not clopen, then the inclusion Y  X is skeletal but not
nearly open. There are also examples of skeletal surjections which are not nearly open:
Example 3.4. Let X = αN be the one-point compactification of the discrete space N of
natural numbers, let Y = βN be the Stone– ˇCech compactification of the same space, and
let f : Y → X be the unique continuous map extending the identity on N. It is well known
that f : Y → X may be identified with the Gleason cover of X (cf. [7]); hence by [12] it is
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skeletal, though this is also easy to verify by direct calculation — the Boolean part of αN
is the discrete space N, and it pulls back to itself as a (dense) subspace of βN. However, f
is not nearly open: if U is any infinite subset of N with infinite complement, regarded as
an open set in αN, then ¬U does not contain the point at infinity, but ¬ f ∗(U) contains all
non-principal ultrafilters U such that (N \ U) ∈ U .
However, every skeletal surjection has a ‘best possible’ factorization through a nearly
open surjection; see [10], Lemma 3.6. The following lemma is an interesting source of
examples of nearly open maps:
Lemma 3.5. Let X be a spatial locale, and Y a sublocale of X having no points. Then the
simple covering X〈Y 〉 → X is nearly open.
Proof. We have to show that the frame homomorphism c : O(X) → O(X〈Y 〉) commutes
with Heyting negation. Let j , as usual, denote the nucleus on O(X) corresponding to Y ;
then if U is any open sublocale of X , and ( j ∨ c(V )) ∧ c(W ) is an arbitrary element of
O(X〈Y 〉) disjoint from c(U), then we have in particular j ∧ c(U ∩ W ) = 0 in NO(X) —
but this is equivalent to saying that j ≤ o(U ∩ W ) in NO(X), or that Y ≥ (U ∩ W ) in
Sub(X). But U ∩ W is spatial since it is an open sublocale of X , and Y has no points; so
this forces U ∩ W = ∅, or equivalently W ≤ ¬U . Hence ( j ∨ c(V )) ∧ c(W ) ≤ c(¬U) in
O(X〈Y 〉); so c(¬U) is indeed the largest element of O(X〈Y 〉) disjoint from c(U). 
Note that 3.5 provides another proof that the conditions of 2.2 fail when Σ = {Y } for
a dense pointless sublocale Y of a non-trivial spatial locale X ; for under these hypotheses
the pullback of Y  X along X〈Y 〉 → X is dense, and so cannot be closed.
4. Hereditarily skeletal maps
We shall say a locale map f : Y → X is hereditarily skeletal if its pullback along any
inclusion X ′  X is skeletal.
Lemma 4.1. For a locale map f : Y → X, the following are equivalent:
(i) f is hereditarily skeletal.
(ii) The pullback of f along any closed inclusion V  X is skeletal.
(iii) For any U, V ∈ O(X), we have ( f ∗(U ⇒ V ) ⇒ f ∗(V )) = (( f ∗(U) ⇒ f ∗(V )) ⇒
f ∗(V )).
(iv) Pullback along f preserves closures of sublocales.
Proof. (i)⇔(ii): Since composites of dense inclusions are dense, it is clear that the pullback
of a skeletal map along a dense inclusion is skeletal. So this follows from the fact that every
inclusion may be factored as a dense inclusion followed by a closed one.
(ii) ⇔ (iii): We recall that O(V ) may be identified with the principal filter ↑(V )
in O(X), and that its negation operator is identified with the operation ((−) ⇒ V ) of
O(X). So (ii) is equivalent to the particular case of (iii) in which U ≥ V . But since
(U ⇒V ) = ((U ∪ V )⇒V ) for any U and V (and since f ∗ preserves unions), the general
case of (iii) follows from this particular one.
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(ii) ⇔ (iv): This is immediate from the fact that the closure of X ′  X may be
characterized as the unique X ′′  X such that X ′′  X is closed and X ′  X ′′ is dense
(together with the fact that pullback along any locale map preserves closed sublocales). 
A similar argument to the proof of (ii)⇔(iii) above shows that the pullback of f along
any closed inclusion is nearly open iff f is sub-open in the sense of [8], i.e. f ∗ preserves
arbitrary implications. The notions of hereditarily skeletal and sub-open map were not
considered by Banaschewski and Pultr [2], who concentrated their attention on the negation
operator in a frame, to the exclusion of the Heyting implication of which it is a special case.
In the classical category of topological spaces, a continuous map satisfies the conditions
of 4.1 iff it is open. As we remarked in the Introduction, the proof of this fact requires
one to form the complement of an arbitrary subspace, and so it is not applicable in
Loc (and indeed the result is not true in Loc; for we observed in [8] that the inclusion
Xb  X is sub-open for any locale X , and hence hereditarily skeletal, but it is rarely
open). Nevertheless, we can salvage a partial result by mimicking the spatial proof:
Lemma 4.2. Let f : Y → X be a hereditarily skeletal map of locales. If the image of f is
complemented as a sublocale of X, then it is open.
Proof. Let Z be the complement of f!(Y ) in Sub(X), and let Z be its closure. We clearly
have f ∗(Z) = ∅ in Sub(Y ), so 4.1(iv) implies that f ∗(Z) = ∅. Now 1.1 implies that
f ∗(Z) → f!(Y ) ∩ Z is surjective, so f!(Y ) ∩ Z = ∅; hence Z is closed in X , and f!(Y ) is
open. 
Although, as we have seen, there are skeletal inclusions which are not nearly open, the
two concepts become equivalent when we ‘hereditarize’ them:
Lemma 4.3. An inclusion is hereditarily skeletal iff it is sub-open.
Proof. Since sub-open maps are hereditarily nearly open, one direction is immediate
from the implication ‘nearly open ⇒ skeletal’ (though it may also be deduced directly
from condition (iii) of Lemma 4.1). For the converse, suppose i : Y  X is a hereditarily
skeletal inclusion, corresponding to a nucleus j onO(X). The assertion that the pullback of
i along W  X is skeletal is equivalent to saying that the least element j (W ) ofO(X) j ∩
↑(W ) is a regular element of ↑(W ), i.e. that we have j (W ) = (( j (W ) ⇒ W ) ⇒ W ) in
O(X). To show that i is sub-open, we need to show that ( j (U) ⇒ j (V )) ≤ j (U ⇒ V )
for any U and V (the reverse inequality being true in general). Putting W = (U ⇒V ), we
have
( j (U)⇒ j (V )) ∩ ( j (W )⇒W ) ∩ U ≤ j (V ) ∩ ( j (W )⇒W ) ∩ U
≤ W ∩ U ≤ V
using the inequalities U ≤ j (U) and j (V ) ≤ j (W ), so we obtain
( j (U)⇒ j (V )) ≤ (( j (W )⇒W )⇒W ) = j (W ),
as required. 
Although we have proved 4.3 only for inclusions, we do not have any example to show
that the properties ‘hereditarily skeletal’ and ‘sub-open’ are not equivalent for arbitrary
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locale maps. (The skeletal surjection of 3.4 is not hereditarily skeletal, as may easily be
seen by considering its pullback along X ′  X , where X ′ is the closed subspace consisting
of the even natural numbers together with ∞.)
Not every dense inclusion is sub-open. In fact (assuming classical logic for the moment)
if X is any sequential Hausdorff space, then a dense spatial sublocale of X is sub-open iff
it is open. For if Y is any dense subspace which is not open, we may choose a sequence
(xn) of points of X \ Y converging to a point x∞ of Y ; and then if we take Z to be the
closed subspace {xn | n ≤ ∞}, the pullback of Y  X along Z  X is a non-regular
closed inclusion. (Recall that spatial and localic pullbacks coincide when — as here —
one of the factors is a complemented inclusion.) On the other hand, for every locale X ,
the inclusion of its smallest dense sublocale Xb is sub-open, as we observed above. Since
open inclusions are also sub-open, it follows from Lemma 3.2 that, given any nearly open
inclusion Y  X , there is a dense Y ′  Y such that Y ′  X is sub-open.
We shall say that f : Y → X is stably skeletal if the pullback of f along any locale
morphism g : Z → X (not necessarily an inclusion) is skeletal. Since open maps are sub-
open and stable under pullback, it is clear that they are stably skeletal. In the converse
direction, we first establish
Lemma 4.4. If an inclusion is stably skeletal, then it is open.
Proof. Let f : Y  X be a stably skeletal inclusion. Since f ∗ is surjective, the pullback
of f along Xd → X is Yd  Xd ; so the latter is stably skeletal, and hence sub-open by
Lemma 4.3. But it is also closed, so by Corollary 3.3 it is clopen. And this is tantamount
to saying that Y is complemented as a sublocale of X , since closed sublocales of Xd
correspond to arbitrary sublocales of X . So the result follows from 4.2. 
In [8], it was shown (by topos-theoretic rather than locale-theoretic means) that sub-
open surjections are stable under pullback along inclusions. But in fact we have a stronger
result:
Lemma 4.5. Let f : Y → X be a hereditarily skeletal surjection. Then the pullback of f
along any inclusion X ′  X is still surjective.










and let X ′′  X ′ be the image of f ′, and also let j1 and j2 be the nuclei on O(X)
corresponding to the sublocales X ′ and X ′′ respectively. Let U ∈ O(X) be a j1-fixed
element; we need to show that it is also j2-fixed. Let L be the locally closed sublocale
j2(U) ∩ U of X , let M = L ∩ X ′, and let M denote the closure of M in L. The inclusion
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is surjective by 1.1; and it is also skeletal by assumption. But the pullback of M  X
along f is ∅  Y , since L ∩ X ′′ = ∅ by construction. Since M  M is dense, this
implies that ∅  N is dense; hence N = ∅, and since f ′′ is surjective this forces M = ∅
and hence M = ∅. So L is disjoint from X ′; but this implies that j2(U) ⊆ j1(U) = U ,
which is the desired result. 
One further ingredient is needed before we can extend the result of 4.4 from inclusions
to arbitrary locale maps:
Lemma 4.6. Let f : Y → X be a locale map. If f is (hereditarily) skeletal, then so are
both halves of its surjection–inclusion factorization.
Proof. For ‘merely’ skeletal maps, this was proved in [10], 3.5(i). For hereditarily skeletal
maps, we use the characterization of 4.1(ii), plus the fact that image factorizations are
stable under pullback along closed inclusions (cf. 1.1). Note that, if I  X denotes the
image of f , then every closed sublocale of I does occur as the pullback along I  X of a
closed sublocale of X . 
Combining 1.2 and 4.6 with 4.5, we may finally deduce
Theorem 4.7. For a locale map f : Y → X, the following are equivalent:
(i) f is open.
(ii) f is stably sub-open (i.e., all pullbacks of f are sub-open).
(iii) f is stably nearly open.
(iv) f is stably skeletal.
Proof. The implications (i)⇒ (ii)⇒ (iii)⇒ (iv) are clear from the definitions and the fact
that openness is stable under pullback.
(iv) ⇒ (i): Let f : Y → X be a stably skeletal map. Since open inclusions are stably
skeletal, and the condition is stable under composition, it suffices to show that the image
of f is an open sublocale of X ; let us denote it by I  X . Now we have pullback squares
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where both morphisms in the bottom row are hereditarily skeletal by 4.6; hence by 4.5 and
1.2 the morphism Y (X)d → Id is surjective, and thus the top row is the image factorization
of the pullback of f along Xd → X . In particular, Id → Xd is hereditarily skeletal by 4.6,
and hence nearly open by 4.3; but it is also closed, and therefore clopen by 3.3. But this is
equivalent to saying that I is a complemented sublocale of X ; so the result again follows
from 4.2. 
Remark 4.8. On the way to proving 4.7, the only pullbacks of f we have used are
pullbacks along inclusions and along the canonical map Xd → X . We may thus sharpen
the statement of the theorem: if f is such that all its pullbacks along monomorphisms in
Loc are skeletal (or nearly open, or sub-open), then it is open. However, in the absence
of any explicit description of the class of monomorphisms in Loc, this sharper version is
unlikely to be of much use.
On the other hand, a different strengthening of 4.7 is of some interest. As promised, we
now indicate how the result may be extended from locales to toposes.
Corollary 4.9. For a geometric morphism f : F → E between toposes, the following are
equivalent:
(i) f is open.
(ii) The pullback of f along any bounded morphism with codomain E is skeletal.
(iii) The pullback of f along any localic morphism with codomain E is skeletal.
(As previously, one could substitute ‘nearly open’ or ‘sub-open’ for ‘skeletal’ in the
statement of this result.)
Proof. (i) ⇒ (ii) since open maps are skeletal and stable under pullback, and (ii) ⇒ (iii)
since localic morphisms are bounded.
(iii) ⇒ (i): We showed in [10], 3.5(ii) that if an arbitrary geometric morphism is
skeletal, then so is the localic half of its hyperconnected–localic factorization; and since
this factorization is stable under arbitrary bounded pullback ([9], 2.4), the same is true for
‘stably skeletal’. Thus condition (iii) implies that the localic part of the factorization of f
has the property that all its pullbacks along localic morphisms are skeletal. Exploiting the
equivalence between localic geometric morphisms with codomain E and internal locales
in E , this means that the internal locale Y in E which corresponds to the localic part of
f (defined by O(Y ) = f∗(ΩF )) has the property that the unique map Y → 1 is stably
skeletal. Hence by 4.7 Y → 1 is open; equivalently, the localic part of f is an open map of
toposes. But hyperconnected maps are always open ([9], 1.6) and openness is stable under
composition; so the result follows. 
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